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Abstract. We study the reduced Beurling spectra spjiy{F) of functions F S 
Lj^^(3,X) relative to certain function spaces A C L°°(S,X) and V C L^(IR), where J 
is R-i- or R and X is a Banach space. We show that if F is bounded or slowly oscillat- 
ing on J with spA,s{P)t where A is {0} or Co (J, X) for example and S = <S(IR), 
then F is ergodic. This result is new even for F G BUC{J,X) and A = Co(J, X). 
If F is ergodic and belongs to the space <S^^(J, X) of absolutely regular distributions 
and if spco(J,x),5(-^) = 0> then 3^*V G Co{M.,X) for all V S 5(R). Here, = F and 
if|(R \ J) = 0. We show that tauberian theorems for Laplace transforms follow from 
results about the reduced spectrum. Our results are more widely applicable than 
those of previous authors. We demonstrate this and the sharpness of our results 
through examples 



§0. Introduction 

The goal of this paper is to study the asymptotic behaviour of certain locally 
integrable functions F : JJ — > X where J denotes R or R+ and X is a complex 
Banach space. The study is motivated by tauberian theorems and their relevance 
to the behaviour of solutions of Cauchy problems in Banach spaces as in [2], [3], 
[4, Chapter 5], [6]. When JJ = M-|_, the term "tauberian" has been used to describe 
theorems where the asymptotic behaviour of a function is deduced from properties 
of its Laplace transform, or equivalently its Laplace spectrum sp^{F) (see [21], [4, 
p. 275]). Improvements were made by employing a smaller spectrum, the weak 
Laplace spectrum sp^^{F) (see [4, p. 324], [16], [17]). In this paper we use an 
even smaller spectrum, the reduced (Beurling) spectrum spj({F) of F relative to 
various closed subspaces A of L°°{J,X). This spectrum has been used before in 
this context (see [5], [6], [7], [16]). It has the advantage that it unifies the two cases 
J = M+ and J = M. Moreover, we are able to consider functions whose Fourier 
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transforms are not regular distributions and avoid some geometrical restrictions on 
X that were imposed in [17] for example. Importantly, spectral criteria for solutions 
of evolution equations are readily related to reduced spectra (see Theorem 3.5, [6]). 

In section 1 we describe our notation and prove some preliminary results. 

In section 2 we consider a more general spectrum sp^y{F), the reduced spec- 
trum of F relative to {A,V), where V C i^^(K), a spectrum first studied in [9]. 
Typically, V is one of the spaces V = V{R), S = S{R) or L^{R). li F e L°°{R,X), 
A = {0} and V = L^{R), then sp^,y(F) = sp^{F) the classical Beurling spec- 
trum. We study the conditions imposed on A and relate them to previous ones in 
Proposition 2.1. Then we develop some basic properties of the reduced spectrum 
in Propositions 2.2 and 2.3. Our main results are stated in Theorems 2.5 and 2.6. 
The former deals with ergodicity. We show for example that if F is bounded or 
slowly oscillating on J with ^ sp^^s{F), where A is {0} or Co(J, X), then F is 
ergodic. Theorem 2.6 deals with functions F e <S^(,(J[, X), the space of absolutely 
regular distributions, with spcag^x),s{P) countable. It is a generalized tauberian 
theorem providing spectral conditions under which F has various types of asymp- 
totic behaviour. For example (Theorem 2.6 (iv)), if spco{i,x),s{F) is countable 
and non-empty and 'j-^F is ergodic for each to G spcag^x),s{P)j then *tjj)\I is 
asymptotically almost periodic for all tjj G S{R). Versions of Theorem 2.5 and The- 
orem 2.6 (i), (ii), (iii), (v) are already known when J = M+ and sp_A.,s{F) is replaced 
by the larger spectrum sp^^{F) (see [17]). Theorem 2.6 (iv), (vi) seem to be new for 
any spectrum. Proposition 2.7 states that if F e Lj^^i^, X) with spcag^x),v{F) = 
and if the convolution {F *'tjj)\I is uniformly continuous for some tjj G 'D{R) then 
F *ip £ Co{R, X). Chill [17, Proposition 2.1] obtained this same conclusion under 
the stronger assumptions that F e Lj^^{R,X) and F G <S^^(M, X). In particular, if 
F e U'{R,X) where 1 < p < oo, then F satisfies the assumptions of Proposition 
2.7. However, as is well-known, when p > 2 there are functions F G Lp{R,X) for 
which F is not a regular distribution and so the result of [17] does not apply. Even 
when 1 < p < 2 special geometry on X is required in order that every F G Lp{R, X) 
has a Fourier transform which is regular. 

In section 3 we establish some properties of weak Laplace, Laplace and Carleman 
spectra which are analogous to those of Beurling spectra. Also, if F G <S^r(M+,X) 
and Ad Co{R+,X) then spA,v{F) C sp'^^{F) (Proposition 3.2). As a conse- 
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quence, we strengthen several theorems about the asymptotic behaviour of abso- 
lutely regular tempered distributions, replacing Laplace and weak Laplace spectra 
by spco(R+,x),s{F) (see Remark 3.3). In Theorem 3.5 we obtain a spectral condition 
satisfied by bounded mild solutions of the evolution equation = Au{t) + 4'{t), 
u(0) G X, f G J, where ^4 is a closed linear operator on X and <f) G L°°{I,X). 
This generalizes earlier results where it is assumed that u,^ € BUC{I,X) (see [4, 
Proposition 5.6.7], [6, Theorem 3.3, Corollary 3.4]). 

§1. Notation, Definitions and preliminaries 

In this paper K+ = [0,oo), J G N = {1, 2, ■ • ■ }, C+ = {A G C : Re A > 

0} and C_ = {A G C : Re A < 0}. By X we denote a complex Banach space. If Y, 
Z are locally convex topological spaces, L{Y, Z) denotes the space of all bounded 
linear operators from Y to Z. The Schwartz spaces of test functions and rapidly 
decreasing functions are denoted by r>(M) and <S(M) respectively. Then D'(M, X) = 
L{V{R),X) is the space of X-valued distributions and 5'(R,X) = L{S{R),X) is 
the space of X- valued tempered distributions (see [4, p. 482], [30, p. 149] for 
X = C). The space of absolutely regular distributions is defined by 

(1.1) SUIX) = {He Ll^ilX) : G L\lX) for all v G S{R)}. 

The action of an element S G 'D'{R,X) or 5'(M,X) on ip G D(M) or S{R) is 
denoted hy < S,ip >. If F is an X- valued function defined on J and s G J 
then Fg, AgF, \F\ stand for the functions defined on J by Fg{t) = F{t + s), 
AgF{t) = Fg{t) - F{t) and \F\{t) = \\F{t)\\. Also = suptej||F(t)||. 

If F G Ll^^{^,X) and h > 0, then PF, M^F and F (when J = M+) denote 
the indefinite integral, mollifier and reflection of F defined respectively by 
PF{t) = /o F{s) ds, MhF{t) = {1/h) F{t + s) ds for i G J and F{t) = F{-t) for 
t eR. For 5 G L^{R) and F G L°°{R,X) or g e L^{R,X) and F G L°°{R) the 
Fourier transform g and convolution F * g are defined respectively by 5(0;) = 
iZo 'y-Ut) ait) dt and F*g{t) = F{t-s)g{s) ds, where -y^it) = e'"* for coeR. 
The Fourier transform of S G S'{R,X) is the tempered distribution S defined by 

(1.2) <S,ip >=< S,^> for all G S{R). 

Set V{R) = {Ip : ip G V{R)}. The Fourier trans form of F G Ll^^{R,X) is the 
distribution F G L{V{R),X) defined by 

(1.3) < -F, V >=< F,7p> for all V G V{R). 



4 B. BASIT, A. J. PRYDE 

Throughout the paper all integrals are Lebesgue-Bochner integrals ([4, pp. 6], [19, 
p. 318], [20, p. 76]). All convolutions are understood as convolutions of functions 
defined on K. Given 

(1.4) F e W{J,X) G {Li„^(J,X),<S;,(J,X),L-(J,X)}, 
we denote by 

(1.5) ^ the function given by J = F and (M \ J) = 0. 

Then e W{R,X). In addition, if 5 e Lf{R) = {/ G L°°(]R) : / has compact 
support }, then for some constant tg 

(1.6) * 5 G W{M., X) n C(M, X) and if J = 1R+, * g{t) = for all t < tg. 
It follows that if /i > and Sh = (l//i)X(-/t,o)) where X{-hfi) is the characteristic 
function of (— /i,0), then 

(1.7) ^*SheW{W,X)f\C{^,X), MhF = * sh)\i and 
if J = ]R+, * Sh{t) = for all t < -h. 

We use convolutions of functions F G W = WQ,X) and g g V = V{M.) G 
{D(R),5(M),ii(M)}, with 

(1.8) V = V{R) i{W = Ll^il, X),V = S{R) ifW = 5^^(JI, X) and 
V = L^m.) iiW = L°°{S,X). 

The following properties of the convolution are repeatedly used (see [30, p. 156 
(4)], [28, 7.19 Theorem (a), (b), pp. 179-180] when X = C): 
If F G W{S, X) and if G V{R) with W, V satisfying (1.8), then 

(1.9) ^*ipGW{R,X)nC{R,X). 

Indeed, the cases W = Lj^^il, X) and W = L°°{I, X) are obvious. If F G 5^^(J, X), 
then \F\ G 5^^(J,C). By [22, Theorem, (b)] there is an integer A; G N such that 

(1.10.) S = / e ii(J), where Wk{t) = (l + t^)''. 
Using (1.10), we easily conclude (1.9). 

Moreover, if V G V{R) or V G ^2° W> then 

(1.11) * ip) * t/; = *ip) * ip. 

Also we need the following analogue of Wiener's theorem on Fourier series. 

Lemma 1.1. Let f G L^(R) with f ^ on a compact set K. Then there exists 
g G L^(R) such that g ■ f = 1 on K . Moreover, one can choose g such that g has 
compact support and, if f £ S{R), with g G S{R). 

Proof. Choose a bounded open set U such that K gU and / ^ on J7 the closure 
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of U. By [15, Proposition 1.1.5 (b), p. 22], there is e i^(M) such that k-f = l 
on U. Now, choose G T>{R) such that = 1 on K and supp (p G U. By [28, 
Theorem 7.7 (b)] there is V € <S(IR) such that 'tp = ip. Take g = k*tl). Then g has 
compact support and if / € «S(M), then ^ e 'D{R) and so 5 e <S(IR). □ 

In the following proposition ^ will denote an element of <S(M) with the properties: 
V' has compact support, '^(0) = 1 and tjj is non-negative. 
An example of such ip is given by = (p'^, where ip(t) = ae*^ for \t\ < 1, tp = 
elsewhere on M, with a some suitable constant. 

Proposition 1.2. (i) The sequence ipn{t) = nip{nt) is an approximate identity for 
the space of uniformly continuous functions UC'{M.,X), that is lim„_^oo \ \u * "ipn ~ 
= for allue [/C(M,X). 
(a) lim/i^o ll-MftU ~ u||oo = for all u G UCQ,X). In particular if MhU G 
BUC'il, X) for allh>0 then u e B[/C(JJ, X). 

Proof (i) Given u G UC{R,X) and £ > there exists k > such that \\u{t + s) - 
u{t)\\ < fc|s|+£ for all t, s G R. In particular u G 5^,, (M, X). Also, u* V'n(t) = 
/^["(* - fi) ~ ds which gives ||u * Vn - m||oo < {k/n) \s\tp{s) ds + 

e J^^ijj(s) ds and (i) follows. 

(ii) Since \\MhU - u||oo < supteJ fi<s<h\\u{t + s) - u{t)\\, part (ii) follows. % 

Proposition 1.3. (i) Let F G W{m+,X) and g G V{R) with W, V satisfying (1.8). 
T/ienlimt^_oo 113^*5(^)11 =0. 

(ii) Let F G L°°(K,X) and = 0. Then {F * f)\R+ G Co(M+,X) for each 

f G L\R). 

Proof Part (ii) and the cases F G -£'/oc('^+' ^) ^nd F G -£'°°(M+, X) of part (i) can 
be shown by simple calculations. If F G >S„^(M+,X), then from (1.10) \F\/wk = 
f G i^(]R+) for some Wk{t) = (1 + i^)''- Since ip G <S(R), ||wfc<^||cx) = < 00. 
It follows that p*<^(t)|| = \\J^ip{t-s)F{s)ds\\ < \ip\{t - s)\F\{s) ds < 
r ^/(«) '^^^ Since ^ < 1 for each t < 0, s > and lim,^_„„ ^ 
= for each s > 0, it follows that limt_,._oo ||S^ * (^(t)!! = by the Lebesgue 
convergence theorem, f 



§2 Reduced spectra for regular distributions 
In this section we introduce the reduced spectrum sp^y{F) of a function F G 
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Ljocil^) relative to A,V, where A C L°°(J,X) and V C L^{R). We usually 
impose the following conditions on A. 

(2.1) ^ is a closed subspace of L°°{J,X) and is BUG -invariant; that is 
if ^ G BUC{R, X) and 4>\J e A, then | J e ^ for each a G M. 

The property of being BUC-invariant was first introduced in [5, (-P.A), Defini- 
tion 1.3.1] and called the Loomis property (P.A) for classes A C BUC{I,X). The 
notion was extended to classes A C L|g^(J, X) in [7, (l.III„b)]- In [9], this property 
was called C„(,-invariance. 

We note that if J = R, then A is BC/C-invariant if and only if AnBUC{R, X) is a 
translation invariant subspace of BUC{R, X). If J = M+, then A is BJ7C-invariant 
if and only if Ar\BUC{R+,X) is a positive invariant subspace of BUC{R+,X) (that 
is (t)t € A for all (f) G A, t > 0) with the additional property that u G A whenever 
u G BUC{R+,X) and ut G A for all t > 0. Such subspaces of BUC{m+,X) were 
subsequently called 5-biinvariant ([16, (1.1), p. 17], [3, §2]). 

For A satisfying (2.1), V C i^(M) and F G L|„^(J,X), a point w G K is called 
{A, V)-regular for F or ^, if there is (fi gV such that <f{u)) ^ and {^*ip)\jGA. 
The reduced Beurling spectrum of F or {J relative to {A, V) is defined by 

(2.2) spAy{F) = {w G M : w is not an {A, y)-regular point for F} = 
{(aJ GM.: tp GV,{'S*(p)\S G A implies ^(w) = 0} = spA,v{d), 

provided the convolution ^*ip and the restriction {S*ip)\S are defined for all <^ G F 
(see [10, (1.6)]). Further, ii H G Lj^^{R,X) we also define (see [9, Definition 3.1]) 

(2.2*) spA,v{H) = {uj gR : If G V, {H * ip)\S G A implies lp{co) = 0}. 
It is clear that sp^^viF) and sp^^viH) are closed subsets of K. If J = R, then 
F = H\M. = ^ and so (2.2) and (2.2*) give the same spectrum. If J = M+ and 
F = H\ M+ we are interested in comparing spAy{F) defined by (2.2) with sp^,y(-ff) 
defined by (2.2*) (see Proposition 2.2). 

For F G L°°(J,X) and V = L^{R) we write spa{F) = sp^,Li(M)(-F)- 
If F G W{I, X) and V = V{R) with W, V satisfying (1.8), then the convolution 
'S*g and the restriction {'S*g)\I are defined for all g G V{R). So, sf>^,y(-F) is well 
defined. 

This is an extension of the definitions in [5, (4.1.1)], [6, (2.9)], [16, Definition 
1.14, p. 24]. In those references the conditions on A are more restrictive and 
F G L°°{R,X). In particular, if ^ = {0} and F G L°°(M,X) then spo{F) = 
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SP{0}{F) is the classical Beurling spectrum sp'^iF) [27, p. 183]. If F e S'„^{M.,X), 
then spo,s{F) = supp F = sp'^{F) (the Carleman spectrum). Indeed, the first 
equality is straightforward and the second is proved in [26, Proposition 0.5]. If F G 
L°°{S,X), then * / e BUC{R,X) for all / e L^{R). It follows that spa{F) = 
sPAnBUC{i,x)iF)- 

Our approach of defining reduced spectra via convolutions is widely applicable. 
For F e BUC{J,X) and A C BUC{I,X), there is also an operator theoretical ap- 
proach using Co-semigroups and groups. In [18] it is proved that the two approaches 
are equivalent for such F and A (see also [9, Theorem 3.10]). In [24] there is an 
unsuccessful attempt to extend the operator theoretical approach to -F e BC{J, X) 
and A C BC{I,X) (see [25]). 

The space Ag = Q ■ AP{R,X), where g{t) = e'*' for t e M, satisfies (2.1) and 
Ag n BUC{R, X) = {0}. We conclude that ifO^Fe BC{R, X), then spA^ {F) = 
sp^{F) ^ 0. In particular, spA^{F) ^ for each F G Ag. A sufiicient 
condition to have the property spa{F) = for each F G A C L°°{S,X) is the 
following inclusion 

(2.3) (S^ * /) I J C ^ for each F e A and f e (K). 

Note that if ,4 C BUC{S, X) satisfies (2.1), then using the properties of Bochner 
integration we find A satisfies (2.3). The space Ag does not satisfy (2.3). 

Examples of spaces A satisfying (2.1), (2.3) include (using A{S, X) = A{R, X)\S) 
{0},Co(J,X), AP{R,X),LAPb{R,X), AA{R,X), EAP{3,X), 
AAP{I,X) = AP{I,X) ®Co{lX), AAAQ,X) = AA{I,X) ® Co{I,X), 
the spaces consisting respectively of the zero function (when J = M), continuous 
functions vanishing at infinity, almost periodic, Levitan bounded almost periodic, 
almost automorphic functions ([1], [5], [23]), Eberlein (weakly) almost periodic 
([5, Definition 2.3.1]), asymptotically almost periodic functions (when J = R+)([5, 
Definitions 2.2.1, 2.3.1, (2.3.2)]) and asymptotically almost automorphic functions. 
For A e C+ set 



Obviously, (j)* f\e BUC{R, X) for all A e C \ iR. We consider the property 




Then /a, /a e L^{^) for all A G C \ iR. For (j) e L°°{R, X) and t € M define 

f e-^^4>{s + 1) ds, if Re A > 
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(2.3*) * fx) \I gA for each F e ^ and A e C \ 

as well as the following 

(2.4) H G Llci^, X) and i?|(-oo, 0) is bounded. 

Proposition 2.1. Let A C L°°(J, X) be a closed subspace. 

(i) If A is BUC-invariant and ^ = R+, then Co{M.+ ,X) c A. However, this is 
not necessarily true J = M. 

(ii) If A satisfies (2.3), then A is BUC-invariant. 
(Hi) A satisfies (2.3*) if and only if A satisfies (2.3). 

Proof, (i) By the BC/C-invariance of A, \i F G BUC{R, X) and F has compact 
support in (— oo,0], then i^t|M+ € A for all t G R. It follows that the space of 
continuous functions with compact support Cc (IR+, X) C A and so Co(M+, X) C A 
(see also the proof of Theorem 2.2.4 in [5, p. 13]). A counter-example for the case 
J = M is ^ = AP(R,X). 

(ii) The case JI = M: Since L-'^(R) is translation invariant, the set A * L^{M.) is 
translation invariant too. By Proposition 1.2 (i), A * L^(R) is a dense subset of 
A n BUC{R, X). As A is closed, A n BUC{R, X) is translation invariant. 

The case JJ = R_|_: By Proposition 2.2 (ii) below, we conclude that {Ht * f) \ R+ = 
{H * /t)| R+ e A for each H € L°°(R, X) such that H\R+ e A and each / e L^{R) 
and t G R. If i7 G BUC(M.. X), then again using the approximate identity of 
Proposition 1.2 (i) we conclude that R+ G A for each f G R. This gives (ii). 

(iii) Obviously, (2.3) implies (2.3*). For the converse we begin by showing that 
E = span {fx : Re A 7^ 0} is a dense subspace of _L^(R). Indeed, if E is not dense in 
Li(R), then by the Hahn-Banach theorem there is 7^ G L°°(R) = (^^(R))* such 
that C(p{\) = e-^V(i) rft = if Re A > and C(/-(A) = - e^^(f>{-t) = if 
Re A < 0. This means that the Carleman transform C(f> is zero on C\zR and implies 
sp^ {4>) = % and so (/) = (see [26, Proposition 0.5 (ii)]). This is a contradiction 
showing that E is dense in ^^(R). Given (2.3*) it follows that {'S * /)| J G A for 
each F € A and f G E. Since is a dense subspace of L^(R) and A is closed, (2.3) 
follows. ^ 

Proposition 2.2. Let A C L°°{J,X) be a closed subspace satisfying (2.3). Assume 
that H e W{R,X) satisfies (2.4) ifS = R+ and let F = H\S. 
(i) IfW,V satisfy (1.8), then spA,v{H) = spA,v{F). 
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(ii) IfHe L°°{R,X) andH\SG A, then {H*f)\lGAfor each f e L^{M.). 

(Hi) IfH€ L°°{M,X), then spA,s{F) = spA,s{H) = spa{H) = spa{F). In 
particular, spo{H) = spo,s(-ff) = sp^{H). 

(iv) If W{M., X) = <S„r(M, X) and is an {A, V)-regular point for H, then there 
isd>0 andipG S{R) such that ^ G D(IR), -0 = 1 on [-6, 5] and {H*tp)\S gA. 

Proof (i) If J = M there is nothing to prove so take J — K+. For (p G V{M.) we have 
H^i^ip ^^*ip+{H~^)*ip. By Proposition 1.3 (ii), {{H -^)*ip)\R+ e Co(M+,X),so 
by Proposition 2.1 (i) it follows that {H * (p)\M.+ G ^ if and only if (5^*(p)|R+ £ A. 

(ii) Again we need only consider the case J = K+. For / G L-'^(M) we have 
(i? */)|M+ = (S-*/)|M++C where ^ = {{H - ^) * f)\R+. By (2.3), it follows that 
(5*/)| R+ G A and by Propositions 1.3 (ii), 2.1 (i) we deduce that ^ G Co{R+,X) C 
A. Hence (iJ */)|R+ G A. 

(iii) By part (i) we have spA,s{H) = spA,s{F) and spAxHM){H) = sp^,li(r) (i^)- 
Moreover, it is clear that spa^l^(m){F) C spA,s{F). Conversely, we prove that a 
point Wo G M is {A, iS)-regular for F if there is Hq G i^(R) such that /lo(wo) ^ and 
(i?*/io)| J G Choose S > such that /lo ^ on [luq — S^luq + S] and by Lemma 1.1, 
fco G i"'"(K) such that fco ■ /iq = 1 on [luq — S,luq + 6]. Let ip G iS(R), (p{LOa) ^ and 
supp (p C [wo^f^, '^o+'^l- By (1.11) we have — 3^*(/io*fco*(^) = (5^*/io)*(fco*<p). 
So, (5"* "ys)]! G ^ by Proposition 1.3 (i) and part (ii). The second part follows by 
taking ^ = {0}. 

(iv) By (i), is is an (y^, iS)-regular point for F, so there is (5 > and (p G S{R) 
such that ^ 7^ on [—6, 6] and * p) \ S G A. If J = M, then H = F = ^ and so 
{H *ip) e A. If J = R+, then H*ip = d*'P+{H-d)*'P- So (i? * ^)|R+ G ^ 
by Propositions 1.3(ii) and 2.1 (i). By Lemma 1.1, there is g G S{R) such that 
g G V{R) and -0 = ^pTg = 1 on [-S,S]. Obviously ijj G S{R) and 7^ G ^'(R). By 
(1.11) we have H*^p = {H*(p)*g and so {H *tp)\^ G Ahy part (ii). ^ 

Proposition 2.3. Let A C L°°(J[, X) 6e a closed subspace satisfying (2.3). 

(i) Let W,V satisfy (1.8). If F & W{J,X) and g e V(R) or g & L~(M), then 
(2.5) spA,v{d*9) C spA,v{F) n supp g and spA,v{F) = Uh>ospA,v{MhF). 

(ii) IfFe 5;^(J,X), t e M and ^ c G C, then sp^,s(cS't) = spA,s{F)- 

(iii) IfF,He S'^^il X), then spA,s{F + H) c spA,s{F) U spaA^)- 

(iv) If F e S'^^{I,X) and -fxA C A for all X e R, then spA,s{^>^F) = A + 
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SPA,S{F). 

Proof, (i) Assume lu ^ spA,v{F). Then there is (p E V{M.) with ip{uj) ^ and 
e A. By (1.9) and Proposition 1.3 (i), 5 * £ BC{R,X). By (1.11), 
we have * g) * ^ — * * g — d * {'P * g)- So, by Proposition 2.2 (ii), we get 
((5^ * f) * g)\^ G A proving uj ^ sp_A,vid * g)- On the other hand if w ^ supp g, 
then there is S V(R) with (p{oj) ^ and (p*g = 0. So, w sp^,y(;? * g)- For the 
case A = {0} see also [26, Proposition 0.6 (i)]. 

To prove the second part of (2.5) we note that MhF — * s;i)|J, ^ * Sh satisfies 
(2.4) if J = R+ (see (1.7)) and g = sh Lf{M.) for each /i > 0. Hence spA,v{'S * 
Sh) C spyt,y(F). By Proposition 2.2 (i), we have spj\^y{MhF) = spji^y{F * sh)- 
It follows that ^h>ospjs,y{MhF) C sp^^v(F). Now, let w e spj(y{F). There is 
/i > such that Sfi(w) 7^ 0. Assume that w ^ sj5.A,v(Af/i^) = spA,v{-S * s/i)- By 
Proposition 2.2 (iv), there is G V(IR) such that ^{uj) 7^ and ((S'^s?^) *-0)|J 6 yl. 
By (1.11), {'S * Sh) * = ^ * (sh * It follows that * {sh * ip))\I e A. Since 
Sh*tp€ V{M.) and s?i * ipioj) 0, we conclude that ui ^ spA,v{F), a contradiction 
which shows co G spj[y{MhF). This proves sp^^v'(F) C Uh>ospA,v{MhF). 

The proofs of (ii), (iii), (iv) are similar to the case A = {0} ([26, Proposition 
0.4]). 1 

We recall (see [7, p. 118], [8, p. 1007], [12], [29]) that a function F e Ll^{]l,X) 
is called ergodic if there is a constant m,{F) G X such that 

supt£ji]|i /(f F{t + s)ds- m{F)\\ -^Q asT ^ 00. 
The limit m{F) is called the mean of F. The set of all such ergodic functions will 
be denoted by £{I,X). We set £o{I,X) = {F € £{S,X) : m{F) = 0}, ^(JJ,^:) = 
f(J,X)nL~(J,X), £b,oQ,X) = {FG £b{S,X) : m{F) = 0}, £ub{S,X) = £{lX)n 
BUC{J,X) and £:„,o(JJ,X) = £ub{S,X) n£b,o{I,X). 

If F e ^) and 7u,F e f(J, X) for some w e M, then 

(2.6) j^Mh F G f (J, X) and Mh ^u^F e £b{i, X) for all /i > 0. 
Moreover, if F e i°°(J, X) and 7a,F e ^6(1, X) for some w e K, then 

(2.7) 7c.(;?*5)|JG^«6(J,^) for all 5 G i^M). 
To prove (2.6), note that 

Mr'y^MhF = lu^Mh'y-^Mr'yu.F and MtM^7„F = MhMt'J^F. 
It follows that -y^MhF, Mh'yu^F G £(J,X) for all h > 0. By [8, (2.4)], M/,7„F G 
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Cb{I,X) and so M^i^F G £b{S,X)- For (2.7) note that if F G L°°{I,X), then 
MfiF = (S" * s/i)|J[ (see (1.7)) is bounded and uniformly continuous. So, ■^^M^F G 
£ub{^,X) by (2.6). It follows that 7uj(5^* g)\S G £„6(J, X) for any step function g. 
Since step functions are dense in -L^(M), (2.7) follows. 
Also, we note that 

(2.8) f„(J, X) := [/C(J, X) n £(J, X) = £„6(J, X). 

This follows by Proposition 1.2 (ii) using (2.6) (see also [8, Proposition 2.9]). 
Next we recall the definition of the class of slowly oscillating functions 

50(J,X) = UC{J,X) + LL.oa^). 
where (see [17, Lemma 1.6], [4, Proposition 4.2.2] for the case J = IR+) 

iL,o(J.^) = {F& Lloi^.X) : lim|t|^^,4ejF(i) = 0} 
It follows that if F G L}^^^q{S,X) and V e 5(M), then 

(2.9) F&£o{J,X)a&Ll^,o{^,X), 

(2.10) MhF G Co(JJ,X) for all /i > and (5'*i/')| G a)(K,X)- 

Lemma 2.4. // F e i°°(M,X) and ^ spo,siF), then F e £:b,o(K,X). // F G 
SO{R,X) and ^ spo,s(-F), then F G £:„,o(K,^) + Ll^^oi^,X) c £:o(M,X). 

Proo/. If F G L°°{R, X) and ^ spo,s{F), then by Proposition 2.2 (iii) ^ sp^(F). 
By [11, Corollary 4.4], FF G BUC{R,X), and hence F G £b,Q{R,X). If F G 
6'0(K,X), let F = $ + ^ with $ G ?7C(M,X) and ^ G L^o(I^.^)- % (2.5), 
we have spo,s{MhF) c spo,s(f') and so ^ spo,s{MhF) for all /i > 0. Since 
MhF G f/C(K,X), we get M^F G B?7C(M,X) for all /i > by [11, Theorem 
4.2]. Since Mh^ G Co(M,X) by (2.10), we get M^* G BUC{R,X) for all /i > 0. 
This implies $ = limfc^.o M,j$ G BUC{R,X) by Proposition 1.2 (ii). Choose 
5 > and <^ G S{R) such that ^ = 1 on [-6,6]. By (2.9), (2.10) it follows that 
rj = {^-^*<fi) G £o{^,X). Set * = ^ + ^*(p = F-rj. Since spo,5(?7)Uspo,s(^), 
we get ^ spo,s(*)- Since by (2.10) * G B?7C(M,X), we conclude that G 
B?7(7(M,X), by [11, Corollary 4.4]. This implies that * G 5„,o(K,^) and proves 
that F = * + 7/ G £:o(K, X). f 

We are now ready to state and prove our main results. 

Theorem 2.5. Let A C L°°{I, X) be a closed subspace satisfying (2.3) and -yxA C 
£ G {£{I,X),£o{I,X)} for all A G R. Let F e S'^^{S,X) and w ^ spA,s{P)- 
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(i) IfFG i°°(J,X), then -/-^F e S. 

(ii) If^-^F e SO{I,X), then^-^F G (£„6(J,X) + L^o(J,X))nf . If also A = 
Co(J,X), then^-^F G foCJ,^) and if-f-u,F G i7C(J,X), then^-^F G f„,o(J,^)- 

Proof. Replacing -f-^jF by F, we may assume lo = and ^ sp^,5(i^). So, by 
Proposition 2.2 (iii) there is 5 > and ip G such that supp ^ is compact, 

^ = 1 in a neighbourhood of and * ip)\I G A C £. Set G = ^ — ^ * ip. 

(i) If F G i°°(JJ, X), then G G X) and spo(G) = spo,5(G) by Propo- 
sition 2.2 (iii)( see also [9, (3.3), (3.11)]). By Lemma 2.4, we get G G £bfi{^,X). It 
follows that F =[G + F*ip]\I ei. 

(ii) If F G SO{S,X), then by (2.10) G G S'0(R,X) and ^ spo,5(G). By 
Lemma 2.4, it follows that G G f„,o(K, X) + Lj^^^giR, X) C fo(R, X). This implies 
F = [G + F * 9?] IJ G Obviously if ^ = Cq{3,X), then F G £o{S,X) and if 
F G UC{S,X), then F G f„,o(J,X). 1 

Theorem 2.6. Assume that F G <S^^(J[, X), spc;Q(j^x),5(-f') *5 countable and^-^F 
G £(JJ,X) /or a?/ w G spco(J,x),5(-F')- 

('i; //F G UC{i,X), then F G ^^P(J[,X). // also spco(Ji,x),5(F) = 0, then 
Fg Go(J,X). 

Cm; //F g 50(1, X), then F G ^P(J,X) © L^o(J>^)- sPCo(J,x),5(i^) 
= 0, thenF €Ll,^o{i,X). 

(ill) If F = H\I where H G L°°{R,X) and if f G L\R), then {H * /)|JJ G 
AAP{]S,X). 

(iv) If spc„Q,x),siP^) + ^ ""'^ ^/V-- e '5(K); ^/Je« £ AAP(J,X). 

If spc,(ix),s{^) = "^'^ ^ '^W e I?(M), thend*ip G Go(IR,X). 

If spc„Q.x).siF) = a'^rf either F G £(JJ,X) or more generally M^F G 
BG(J[,X)/or allh>0 and if tp G S{R), then $ * ^ G CoiR, X). 

Proof, (i) First, we note that >l = Co{I,X) satisfies the assumptions of Theo- 
rem 2.5 with £ = £o{I,X). If ^ spco{j,x),s{F), then by Theorem 2.5, F G 
^«,o(J,^)- If G spco(ji,x),5(-F), then from F G C/G(JI,X) and (2.8) we get F G 
£ub{h X). Let F G BUC{R, X) be an extension of F. Since Go(J, X) c AAP{^, X) 
we get spAAP{j,x){F) C spco(Ji,x) (-?')• It follows from Proposition 2.2 (iii) that 
spAAP{]i,x){F) is countable. By [5, Theorem 4.2.6] F = F|J G AAP{^,X). If 
sPCo(3,x),s{P) = tlien 7aF g £'„,o(J, X) for all A G K. This implies F G Go(J, X). 
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(ii) Let F = u + ^, where u e UC{3,X), ^ e L/„^_o(J[,X). We note that 
spco{lx)MO = by (2.10) and G £Q,X) for all A e R, by (2.9). Also, 
we have spco{j,x),s{MhF) is countable by (2.5). By (2.6), we get 'y-^M^F e 
5(J, X) for all u) e spco{3,x),s{P)- It follows that spco(J,Ji:),5(-^'t^) countable 
and 'j-uMhU £ £{S,X) for all co £ spca{3,x),s{P)- So, by part (i), we conclude 
that MhU G AAP{J,X)) for all /i > 0. By Proposition 1.2 (ii), u = limh^o MhU e 
AAPQ,X)). It follows that F G AP(J,X)) L/„,_o(J'^)- If spco(J,x),s(-F) = 0, 
then jxF G £'„,o(Jr,^) for all A G M. This implies that F G L;i„^ o(J,X). 

(iii) Let / G Li(R). Then * / G BC/C(M,X). By (2.5), we deduce that 
spCo{i,x),si^ * f) is countable. By (2.7) we find that 7-0,(5"* /)| J G £ubiS,X) for 
all w G spco(J,x),s(5 * /)• It follows that * /)| J G A^P(J[,X)), by part (i). 
By Proposition 1.3 (i), we have {{H - S^) * /)| J G Co{S,X). Hence {H * /)| J G 
AAP{I,X)). 

(iv) Without loss of generality we may assume G spco{3,x),s{P)- Then F G 
£:(J,X) and so by (2.6), {!S*Sh)\S = MhF G £b{S,X) and j-o,MhF G 56(JI,X) for 
all /i > and w G spco(J,x),s(^)- By (2.5), spcog,x),s{^hF) C spco(J,x),s(^)- 
Therefore, by part (iii), {{d * Sh) * g)\S G AAP{S,X) for all g G ^^(M). Take 

G 5(R). It follows that Mh{d * tp)\Ji = {{^ * Sh) * V)|J e AAP{S,X) and also 

{Ah{s*ms = {d*Ahn^ = {^*hMhij')\i = {^*{sh*i^W = {{d*sh)*i^W e 

AAP{S,X). By [8, Proposition 1.4], one gets (S"*V')|J is uniformly continuous. 
This implies *tp)\S = lim^N^o Mh{d AAP{J, X), by Proposition 1.2 (ii). 

(v) Let u £ K = supp V'- Since Co{I,X) satisfies (2.1), (2.3), by Proposition 
2.2 (iv), there is f" G 5(R) such that f'^ has compact support, /'^ = 1 on an open 
neighbourhood V{lj) of u and (S" * /")| J G Co(J,X). Take k'^ = *g^, where 
gr'^(f) = f'^{-t). By (1.11) and Proposition 2.2(ii), we conclude that (iJ* fc")| J G 
Cq{J,X). Consider the open covering {V{uj) : w G -ft"}. By compactness, there is 
a finite sub-covering {V{uJi),--- ,V{uJn)} of K. One has k = Er=i ^ "^W- 
supp fc is compact, k > 1 on K and (3" * fc)|J G Co(J, X). By Lemma 1.1, there 
is /i G <S(M) such that h ■ k = 1 on K. Again by (2.3) and Proposition 2.2 (ii), 
it follows that * = {{^ * k) * h * & Co(J, X). By Proposition 1.3 (i), 
5*^gCo(K,X). 

(vi) As in part (iv) we conclude that (S^*'^i')|J is uniformly continuous. It follows 
that S^*'^ G Co(M,X) by (2.5), part (i) and Proposition 1.3 (i). 1 
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Proposition 2.7. Assume F G Lj^ci^, X) and spco{j,x),v{F) = 0- If {d * 
uniformly continuous for some tjj G 'D{M.), then * V' G C'oCIR, X). 

Proof Let w G K. There is (p € P(M) such that ^(w) ^ and {d *'p)\I & Co(J, X). 
By Proposition 1.3 (i), we get ^ * £ Co{R,X). By (1.11) and Proposition 2.1 
(ii), we have * tp) * ip = * (p) * ip £ Co(K, X). By (2.5), spco{R,x),s{d * tp) C 
spco{R,x),-Di.d C spco{R,x),v{F) = 0- The result follows from Theorem 2.6 (i). 
1 

The following example shows that the assumption of uniform continuity is es- 
sential in Proposition 2.7. 

Example 2.8. If F{t) = e* for t G M, then spco(ji,x),i>(-F) = but {F * ^)|J is 
unbounded for each tp G T>{R) with e~^tp{s) ds ^ 0. 

Proof. For any w G M, choose a > such that cos to t does not change sign on [0, a]. 
Take if G r>(]R) such that </? > on (0,a) and supp y C [0,a]. Let /(f) = (p{t) for 
i > 0, f{t) = -e'^^ip{-t) for i < 0. It follows that / G I>(M), F*f = and /(w) ^ 0. 
This means spco(J,x),x'(-^) = 0- Moreover, for G r>(M) we have F * tpit) = ce*, 
where c = e~^ip{s) ds. So, (F * V)|J is unbounded if c ^ 0. ^ 

In the following example wc calculate the reduced spectra of some functions 
whose Fourier transforms may not be regular distributions. 

Example 2.9. (i) If F € Lp{I,X) for some 1 < p < oo, then M^F G Co(JJ,X) 
for allh>0 and spco{R,x),v{F) = 0; where V € {D(R),5(K)}. 

(ii) Let F e £ub{^,X) and either F' e LP(JJ,X) for some 1 < p < oo or 
more generally F' G Ll^{I,X) with M^F' G Co{I,X) for all h > 0. Then F G 
X © Co{S,X) and spc,(ix){F) C {0}. 

Proof (i) By Holder's inequality, \\MhF{t)\\ = {l/h)\\J^ F{t + s) ds\\ < h'^'/P 
ilo W^i* + s)\\Pdsy/P), so MhF G Co{l,X) for all /i > 0. By (1.7) and Propo- 
sition 1.3 (i), we get ^ * sh & Co(M,X) for all /i > 0. So, spco(K,x),y(S' * Sh) = 
sPCo{J,x),v{MhF) = for all h>0. Hence spco(M,x),y(J') = by (2.5). 

(ii) By part (i) we have hMhF'{-) = F{- + h) - F{-) G Co{^,X) for all /i > 0. 
Let F G BJ7C(M, X) be given by F = F on J and F{t) = F(0) on K \ J. It follows 
that G Co(M,X) for all s G M. By [5, Theorems 4.2.2, Corollary 4.2.3], we 
conclude that F = F|J G X Co(J, X). This implies spca^J^x){F) C {0}. 1 
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The following result is due to Chill [17, Proposition 2.1]. The proof below is 
direct and shorter. It follows in particular that the assumptions of Proposition 2.7 
are implied by the assumptions of Example 2.10. 

Example 2.10. If F G Ll^^{R,X) and if the Fourier transform F defined by 
(1.3) belongs to 5^^(R,X) and if ^ e V{R), then F * e Co{R,X) and so 
SPCo(R,X),v(F) = 0. 

Proof By (1.1), we have G = 1/{2tt)F$ £ L'^{R,X). By (1.3) 

F * m = J^^ F{s)i^{t - s) ds F, (V-)-* >= (l/27r) J^^ F{T^)e''^^{T^) dr^. 
This means that F * ^(t) = G{—t). By the Riemann-Lebesgue lemma, F * tj; G 
Co(R,X). This implies spco(M,x),p(-F) =0-1 

§3. Properties of the weak Laplace spectra 

In this section we establish some new properties of the (weak) Laplace spectrum 
for regular tempered distributions and show that they are similar to those of the 
Carlcman spectrum (see [26, Proposition 0.6]). We use the functions for a > 
defined on M or M+ by eait) = e""*. 

If e 5^,,(K+,X), then CaF G L^{R+,X) for all a > and so the Laplace 
transform CF may be defined by 

(3.1) CF{\) = e-^*F(t) dt for A € C+. 

For a function F G <S^^(M, X) the Carleman transform CF is defined by 
r L+F{\) = e-^'Fit) dt for A € C+ 

(3.2) CF(X) = \ V.OO 

^ ^ ^' \ C-F{X) = -J^ e^*F{-t)dt forAeC-. 

If F e L^{R+,X), then jCF has a continuous extension to C+ U iR given also by 

the integral in (3.1). By the Riemann-Lebesgue lemma 'S = CF{i-) G Co(]R, X). 

If F G S'^^{R+, X), then § G S'{R, X) and CF{a + i-) = 7^G S'^^{R, X) for all 

a > 0. Moreover, for </? G S{R), 

(3.3) < CF{a + i-), (p > =< e^, ip >= < e^d, > ->< d,'fi> =<d,V >, 
where the limit exists as a \ by the Lebesgue convergence theorem. This means 
that limo^o jC.F{a + i-) = d with respect to the weak dual topology on <S'(M, X). 

For a holomorphic function C : E — >■ X, where S = C+ or S = C \ i R, the point 
iuj G iR is called a regular point for ^ or ^ is called holomorphic at icv, if C has 
an extension ( which is holomorphic in a neighbourhood V C C of ioj. 

Points iio which are not regular points are called singular points. 
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The Laplace spectrum of a function F G <Sq^(M+,X) is defined by 

(3.4) sp^{F) = {w e R : is a singular point for CF}. 
The Carleman spectrum of a function F G (M, X) is defined by 

(3.5) s/(F) = {w G M : is a singular point for CF}. See [4, (4.26)]. 
The Laplace spectrum is also called the half-line spectrum ([4, p. 275]). 

Note that if C'^-^F and C^-^F are holomorphic extensions of C'y-^F and 
C')-i^F respectively, which are holomorphic in a neighbourhood of 0, then 

(3.6) limA^o C-i-^F{X) = C^_^F{Q) if w ^ sp'^{F), and 
limA^o C7-a,-F(A) = C7_^F(0) if w sp'^{F). 

If F G L°°{R+,X) and sp^(F) = 0, then by Zagier's result [31, Analytic Theorem] 
we conclude that F{(jj) = e~^*F{t) dt exists as an improper integral (and by 
(3.6) equals £7_(^F(0)) for each w G K. Zagier's Analytic Theorem does not hold 
for unbounded functions. Indeed, the Laplace spectrum of F{t) = fe'*^ is empty 
(see Example 3.4 below) and it can be verified that e~"^*F(f) dt does not exist 
as an improper Riemann integral for any a; G M. 

For a holomorphic function ( : C+ X, the point ioj G iM. is called a weakly 
regular point for ( if there exist s > and h € L^{io — e,co + e) such that 

(3.7) lim„^o JZo C(« + « s)<^(s) ds = /^^^ h{s)ip{s) ds 

for all ip G I>(M) with supp if G {oj — s,oj + s). 
Points i oj which are not weakly regular points are called weakly singular points. 
The weak Laplace spectrum of F G <S„^(K+,X) is defined by ([4, p. 324]) 

(3.8) sp^^{F) = {w G K : is not a weakly regular point for CF}. 

For F G S'^^{R,X), we write sp'"^^{F) = sp-^^{F\R+). It follows readily that if 
FgS'^^{R,X) then 

(3.9) sp'^^^iF) c sp^^{F) c s/(F); and, if F G L^{R+,X), sp'"'^{F) = 0. 
In the following sp* denotes sp^^ or sp^^^ or sp'^. 

Proposition 3.1. If F e 5^^(]R,X), then 
(i) sp*{F) = sp*{Fs) for each s G M. 
(it) sp*{F) = Uh>osp*{MhF). 
(Hi) sp*{'^^F)=uj + sp*{F). 

Proof, (i) A simple calculation shows that for A G 

(3.10) C^Fs{\) = e^«£±F(A) - e-^*F{t)dt. 
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Note that the second term on the right of (3.10) is entire in A for each s G M. 
It follows that C^F (respectively CF) is holomorphic at iuj if and only if C^Fg 
(respectively CFg) is holomorphic at iuj. This proves (i) for sp^^ and sp'^. Now, 
assume is a weakly regular point for C^F. So there exists £ > and h € 
V'{uj-£,uj + £) satisfying lima^o i^F{a + ir])ip{r]) dr] = J^^^ h{r])(p{r]) dr] for 
all <p e X>(M) with suppi^ C {uj - e,w + e). Then by [28, Theorem 6.18, p. 146] 
(valid also for X-valued distributions), lima\^o jC'^F{a + ir])e^"'~^''^^^ip{r])d'ri = 
XTJ^e Kv)e''^ * V{v)dv for all (p € V{R) with supp ip C (w - e, w + e) . It follows that 
i CO is a weakly regular point for C^F^. 

(ii) Another calculation shows that for A G 

(3.11) C^MhF{\) = g{Xh)C^F{X) - (l/h) J^{e^- e-^'F{t)dt) dv, 
where g is the entire function given by g{X) = ^ for A ^ 0. Let iu) G iM. 
be a regular point for £+F and let C+F : V ^ X he a. holomorphic extension 
of C+F to a neighbourhood F C C of iw. Then Z+MftF(A) = g{Xh)jC+F{X) - 
loi^^'' lo e"^*i^(i) dt) dv, A G is a holomorphic extension of C+MhF. So 
i w is a regular point for C^MhF. Conversely suppose iu S is a regular point of 
C^MhF for each /i > 0. Choose /lo > such that g{i(jj ho) 7^ 0. Then i w is a regular 
point for C~^F. This proves (ii) for sp^^ . The case sp'^ follows similarly noting 
that (3.11) implies CMhF{X) = g{Xh)CF{X)-{l/h) Joie^" Jq e-^*F{t)dt) dv. The 
proof for sp^'-* is similar to the one in part (i). 

(iii) This follows easily from the definitions noting that £+(7(^F)(A) = £+F(A — 
iuj) and C(7„F)(A) = CF{X - iuj). f 

Proposition 3.1 holds for 5^, where F G iS^^(R+, X). In this case sp^^^ = sp^F 
and sp'^^'^d = sp'^^F. 

The following result was obtained in [16, Lemma 1.16] in the case A = Co{R+, X) 
and F e L°°{R+,X) since then spc„(R+,x).siP) =■ spcoim+.x)iF). 

Proposition 3.2. If F e S'^^{R+,X) and A C L~(R+,X) satisfies (2.1) then 
sPA,s{P) C sPCo(M+,x),s(i") C sp-^^{F). 

Proof. By Proposition 2.1 (i), Co{R+,X) c A and so spA,s{F) C spc„{w+,x),s{F). 
Let u ^ sp^'^{F). Choose £ > and G S{M) such that sp^'^{F)r\[uj-e,uj+e] = 0, 
(p{(jo) = 1 and supp ^ C [w — e, a; + e]. By [17, Proposition 1.3], ^ * ip G Co{R, X) 
and so w ^ sPCo(R+,x),s(-F')- 1 
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Remeirk 3.3. (i) In the case J = M+ Theorem 2.5 and Theorem 2.6 remain valid 
if we replace sp^^s{F) o-nd spca(m+,x),s{F) by sp^{F) or sp'^'~{F). Indeed, note 
that Theorem 2.5 holds for A = Co(K+, X). By Proposition 3.2 and (3.9), we have 
sPCo{M+,x),siF) C sp'^'^iF) c sp^(F). 

(a) If F in Theorem 2.5 is not hounded or slowly oscillating, then F is not 
necessarily ergodic. For example, if Q{t) = e'*^ and F = g'") for some n gN, then 
by Example 3.4 below and (3.9), we find sp^^*{F) = 0. By Proposition 3.2, we get 
*PCo(K+,c)(-P) = but F\M.+ is neither bounded nor ergodic when n>2. If n = 1, 
F is ergodic hut not hounded. 

(Hi) In view of Proposition 3.2 and (3.9) several tauherian theorems by Ingham 
[21] ([4, Theorem 4-9.5]) and their generalizations in [2], [3], [4, Theorem /^.7.7, 
Corollary 4.7.10, Theorem 4.9.7, Lemma 4.10.2], [13], [14], [16, Lemma 1.16, p. 
25], [17] are consequences of Theorem 2.5 and Theorem 2.6. Our proofs are simpler 
and different. Replacing Laplace and weak Laplace spectra hy reduced spectra we are 
able to strengthen and unify these previous results. 

In the following we use our results to calculate some (weak) Laplace spectra. 

Example 3.4. Take Q{t) = e'*' for t S M. Then sp^{q) = R and sp^'^ {q) = 
gpC+ ^ j-g^ „ g Moreover, MhQ G Co(M, C) and sp^^ (MhQ) = for 

all h> 0. 

Proof. By Proposition 3.1 (i), (iii), it is readily verified that .sp^^(0) = sp^* (Qa) = 
2a + sp^* (g) for each a £ R. This implies that either sp'-'^ (g) = or sp^* (g) = R. 
Similarly either sp'^{q) = or sp^{q) = R. But fl ^ and so by [26, Proposition 
0.5 (ii)], s/(0) =M. 

Next note that t/(A) = >C+fl(A) is a solution of the differential equation y'{X) + 
{\/2i)y{\) = l/2i for A G C+. Solving the equation we find y{\) = e-^'/''*(c + 
(l/2i)/g e^'/^M^ for some choice of c G C. As this last function is entire we 
conclude that sp^^ (q) — 0. Since /Q°°e**^ dt converges as an improper Riemann 
integral and MhB{t) = PQit + h) - PQ{t) it follows that M^g e Co(R,C) for each 
ft > 0. Moreover, by Proposition 3.1(ii), sp^^ (MhQ) = 0. If 

Finally, we demonstrate that our results can be used to deduce spectral criteria 
for bounded solutions of evolution equations of the form 
(3.12) ^=Au{t) + c/){t),u{0)GX,tG:S, 
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where ^4 is a closed linear operator on X and cf) G L°°{S,X). 

Theorem 3.5. Let (f) G Z/°°(JJ,X) and u be a bounded mild solution of (3.12). Let 
A satisfy (2.1), (2.3), C A for all X gM. and contain all constants. 

(i) IfI = R+, thenisp^{u) C {a{A) niM.)Uisp^{(l)). 
(a) If spAi4>) = 0, then i spa{u) C a{A) CiiR. 

Proof As u,(f) G L°°(JJ,X) we get MhU,Mh(f> G BUC{S,X) and v = MhU is a 
classical solution of v'{t) = Av{t) + Mh4>{t), v{<S) € D{A), t € J for each h > 0. 

(i) By [4, Proposition 5.6.7, p. 380], we have 

i sp^iMhu) C {a{A) n iM) U i sp^{Mh(t)) for all h>Q. 
Taking the union of both sides, we get 

iJh>oisp'^{Mhu) C (cr(A) n«) U {iJh>Qisp^{Mh{(l))). 
Applying Proposition 3.1 (ii) to both sides, we conclude that 

i sp^{u) C {a{A) n zM) U i sp^{(j)). 

(ii) Take h>0. Since sp^(^) = 0, it follows that spAiMhcf)) = 0, by (2.5). Hence 
M^cj) G ^ by [5, Theorem 4.2.1]. Using [6, Corollary 3.4 (i)], we conclude that 
i spjxiMhu) C cr(A) n zM. Again by (2.5), we conclude that i sp^(u) C (j{A) D iM.. 
For further details see [10, Proposition 4.2, Theorem 4.3]. ^ 

References 

1. L. Amerio and G. Prouse, Almost-Periodic Functions and Functional Equations, Van Nos- 
trand, 1971. 

2. W. Arendt C. J. K. Batty, Almost periodic solutions of first and second-order Cauchy prob- 
lems, J. Diff. Eg., 137 (1997), 363-383. 

3. W. Arendt and C. J. K. Batty, Asymptotically almost periodic solutions of inhomogeneous 
Cauchy Problems on the half-line, Bull. London Math. Soc. 31 (1999), 291-304- 

4. W. Arendt, C.J.K. Batty, M. Hieber and F. Neubrander, Vector-valued Laplace Transforms 
and Cauchy problems. Monographs in Math., Vol. 96, Basel, Boston, Berlin: Birkhauser, 
2001. 

5. B. Basit, Some problems concerning different types of vector valued almost periodic functions, 
Dissertationes Math. 338 (1995), 26 pages. 

6. B. Basit, Harmonic analysis and asymptotic behavior of solutions to the abstract Cauchy 
problem. Semigroup Forum 54 (1997), 58-74- 

7. B. Basit and H. Giinzlcr, Asymptotic behavior of solutions of systems of neutral and convo- 
lution equations, -J. Differential Equations 149 (1998), 115-142- 

8. Basit, B. and Giinzler, H., Generalized Esclangon- Landau results and applications to linear 
difference- differential systems in Banach spaces, J. Difference Equations and Applications, 
Vol. 10, No. 11 (2004), P- 1005-1023. 

9. B. Basit and H. Gunzler, Relations between different types of spectra and spectral characteri- 
zations, Semigroup forum 76 (2008), 217-233. 

10. B. Basit and H. Gunzler, Spectral criteria for solutions of evolution equations and comments 
on reduced spectra, arXiv:1006.2169vl[math.FAj lOJun 2010. 

11. B. Basit and A. J. Pryde, Polynomials and functions with finite spectra on locally compact 
abelian groups. Bull Austral. Math. Soc, 51 (1995), 33-42. 



20 



B. BASIT, A. J. PRYDE 



12. B. Basit and A. J. Prydc, Ergodicity and differences of functions on semigroups, J Austral. 
Math. Sac. (Series A), 64 (1998), 253-265. 

13. C. J. K. Batty J. van Neervcn and F. Rabiger, Local spectra and individual stability of uni- 
formly bounded Co-semigroups, Trans. Amer. Math. Soc. 350 (1998), 2071-2085. 

14. C. J. K. Batty J. van Neerven and F. Rabiger, Tauberian theorems and stability of solutions 
of Cauchy Problems, Trans. Amer. Math. Soc. 350 (1998), 2087-2103. 

15. J. J. Benedetto, Spectal Synthesis, B. G. Teubner Stuttgart, 1975. 

16. R. Chill, Fourier Transforms and Asymptotics of Evolution Equations, PhD Thesis, Ulm, 
1998. 

17. R. Chill, Tauberian theorems for vector-valued Fourier and Laplace transforms, Studia Math. 

128 (1) (1998), 55-69. 

18. R. Chill and E. Fasangova, Equality of two spectra in harmonic and semigroup theory, Proc. 
Amer. Math. Soc, 130 (2001), 675-681. 

19. N. Dunford and J. T. Schwartz, Linear Operators, Part I and II, Interscience, New York, 
1963. 

20. E. Hille and R. S. Phillips, Functional Analysis and Semigroups, Amer. Math. Soc. Colloquim 

Publications, Providence, 1957. 

21. A.E. Ingham, On Wiener's method in Tauberian theorems, Proc. London Math. Soc. 38 
(1935), 458-480. 

22. C. Klis and S. Pilipovic, Remarks on absolutely regular and regular tempered distributions. 
Publications de I' Institute Matematique, Nouvelle serie tome 49(63), (1999), 137-140. 

23. B. M. Levitan and V. V. Zhikov, Almost Periodic Functions and Differential Equations, 
Cambridge University Press, 1982. 

24. Nguyen Van Minh, A spectral theory of continuous functions and the Loomis-Arendt-Batty- 
Vu theory on the asymptotic behavior of solutions of evolution equations, J. Differential 
Equations 247 (2009), 1249-1274. 

25. Nguyen Van Minh, Corringendum to the paper: "A spectral theory of continuous functions 
and the Loomis-Arendt-Batty- Vu theory on the asymptotic behavior of solutions of evolution 
equations, J.D.E. 247 (2009), 1249-1274" (submitted to J.D.E.). 

26. J. Priiss, Evolutionary Integral Equations and Applications, Monographs in Mathematics. 
Birkhduser Verlag, Basel 1993. 

27. W. Rudin,, Harmonic Analysis on Groups, Interscience Pub., New York, London, 1962. 

28. W. Rudin,, Functional Analysis, McGraw-Hill Series in Higher Maths., New York, London, 
1973. 

29. W. M. Ruess and W. H. Summers, Ergodic theorems for semigroups of operators, Proc. Amer. 
Math. Soc. 114 (1992), 423-432. 

30. K. Yosida, Functional Analysis, Springer Verlag, 1976. 

31. D. Zagier, Newman's short proof of the prime number theorem, Amer. Math. Monthly 104 
(1997), 705-708. 

School of Math. Sci., P.O. Box 28M, Monash University, Vic. 3800. 



Email " bolis.basit@monash.edu" , " alan.pryde@monash.edu" . 



